Introduction
In the classification of Fano varieties, those which are not "Gino-Fano", i.e., where −K X is ample but not very ample, are usually annoying. In the beginning of his classification of Fano threefolds, Iskovskikh listed those where | − K X | is not spanned. The purpose of this article is to see how his result extends to the canonical Gorenstein case.
If X is Fano, Gorenstein with at most canonical singularities, and Bs|−K X | = ∅, then the rational map defined by | − K X | goes to a surface W , which is a rational ruled surface F e , e ≥ 0, or a cone over a rational normal curve. The following Theorem lists the possible pairs (X, W ):
1.1. Theorem. Let X be a Gorenstein Fano threefold with canonical singularities and Bs| − K X | = ∅. Then we are in one of the following cases.
1.) dim Bs| − K X | = 0. In this case X is a complete intersection of a quadratic cone and a general sextic in the weighted projective space P(1 4 , 2, 3) and Bs| − K X | = X sing is a single terminal singularity; W is a quadric in P 3 . 2.) dim Bs| − K X | = 1. Then Bs| − K X | ≃ P 1 and either (i) X is the blow-up of a sextic in P(1 3 , 2, 3) along an irreducible (possibly singilar) curve of arithmetic genus one; W ≃ F 1 .
(ii) X ≃ S 1 × P 1 , where S 1 is a Del-Pezzo surface of degree 1 with at most Du Val singularities; W ≃ P 1 × P 1 . (iii) X = U 6 , obtained by blowing up the hyperelliptic Fano threefold X 12 ⊂ P(1 2 , 4 2 , 6) in a cDV point, and contracting all anticanonically trivial curves; W ≃ P(1 2 , 4) is the cone over the rational normal curve of degree 4 (see Examples 3.1).
The examples in (i) and (ii) are as in Iskovskikh's list. Example 1.) in a different context appears in [Me] , and apparently also in [M2] .
Preliminaries
We will use Mori's theory ( [KM] ). Concerning Fanos, recall the following fundamental results, mainly due to Shokurov and Reid: 2.1. Theorem [Shokurov, [Sho] 
Boundedness in our case is due to Chel'tsov:
2.4. Theorem [Chel'tsov, [Ch] ]. Let X be a Gorenstein Fano threefold with at most canonical singularities.
A Fano variety is called hyperelliptic, if | − K X | is spanned, but not very ample.
Examples
We study the examples 1.) and 2.), (iii) from Theorem 1.1 in greater detail here. For 2.), i) and ii) see [I] .
3.1. Examples. 1.) In the first case, X is a complete intersection of a quadric cone Q and a general sextic S in P(1 4 , 2, 3) (cf. [Me] ). By quadric cone we mean that Q is defined in the first four linear variables only. It is easy to see that X is contained in the smooth locus of P(1 4 , 2, 3), having one terminal singular point at
Let y be the homogeneous coordinate of degree 2 in P(1 4 , 2, 3). For λ ∈ C define
and let X λ be the complete intersection of Q λ and S. Then X 0 = X, while X λ for λ = 0 is a smooth general sextic in P(1 4 , 3), i.e., a 2:1-cover of P 3 , ramified along a general sextic (V 2 in Iskovskikh's list). We may think of X λ as a smoothing of X.
2.), (iii) The example U 6 . Choose X 12 ⊂ P(1 2 , 4 2 , 6) a general hypersurface of degree 12. The singular locus of X 12 is a curve of generic A 1 singularities with three dissident points, which are not cDV. The crepant blow-up of this curve gives an almost Fano Gorenstein threefold V coming with a 2:1-map
ramified along the exceptional divisor D ≃ P 1 × P 1 corresponding to the two Ø P1 summands, and a general surface in |Ø(3)|.
Let Γ 0 ⊂ V reg be a general fiber of D, and let
where Γ is a (−2) curve in S and f is a general fiber of the elliptic pencil, intersecting Γ transversally in some point P . Since Γ + 4f is nef on
The image of the rational map defined by | − K Y | is the same as the image of the rational map from P(Ø P1 ⊕ Ø P1 ⊕ Ø P1 (4)), defined by the linear subsystem of Ø(1) of sections vanishing on a general fiber of D. It is clear that the image gives the cone over the rational normal curve of degree 4.
Our U 6 from the Theorem is the image of
It has one canonical point, which is not cDV, i.e., a general hyperplane through the point has an elliptic singularity.
complete intersection of a quadric cone and a general sextic in
Proof. By Shin's Theorem, Bs|−K X | = {p} ⊂ X sing . A general element S ∈ |−K X | has an ordinary double point at p. Our aim is to show (−K X ) 3 = 2 (cf. [Me] ). Let π : X p → X be the blow-up of p with exceptional divisor E, and let S p be the strict transform of S in X p . Since S p restricted to S p is an elliptic pencil,
On the other hand, since p is a double point of S, S p .
But by [Shi] , | − 2K X | is base point free, so there exists some y ∈ H 0 (−2K X ), y ∈ S 2 H 0 (−K X ), and we must have a nontrivial relation Q in S 2 H 0 (−K X ). Because of Q, the x i 's and y define a 20-dimensional subspace of
A dimension count shows we have a relation F 6 in H 0 (−6K X ) and that X is the intersection of Q and F 6 in P(1 4 , 2, 3).
The General Setting in the Case
See also [I] , [IP] . We use the notation from [K2] and [KM] .
5.1. The numbers a, b and m. By Shin's Theorem,
The normal bundle of Γ in X splits into a sum of line bundles, i.e.
(5.1.1)
If ν :S → S denotes a resolution of the singular locus, then
with |f | an elliptic pencil by [SD] . An immediate consequence is −K X .Γ = m − 2 = a + b + 2 and m ≥ 3. Let σ : X Γ → X be the blow-up of X along Γ with exceptional divisor
The surface W is a so called minimal surface, i.e.,
By Enriques' classification, W , in our situation, is one of the following:
1.) cone over a rational normal curve of degree
The map E Γ → W is an isomorphism or contracts the minimal section. The map X Γ → W is (generically) an elliptic fibration, and since −K X is ample, any fiber over a point in W reg is an irreducible, generically reduced curve of arithmetic genus one. Since −K XΓ = ϕ * (Ø Pm+1 (1)) we have
where Z and F denote the irreducible surfaces in X Γ , swept out by the fibers through the minimal section, and a fiber of E Γ , respectively. Since Γ ⊂ X reg , and Z meets E Γ transversally near the minimal section ξ a−b of E Γ , Z is smooth near Z ∩ E Γ , and σ(Z) ≃ Z is smooth near Γ.
5.2.
Chel'tsov's bounds. Let Y be a partial crepant resolution of X, and
Denote the pull-back of a general fiber of F a−b by F Y , and the pull-back of the minimal section by Z Y + D, Z Y the strict transform of Z. Then F Y is smooth, and
is a nonmultiple fiber of an elliptic pencil. The proof of the following Lemma is a reformulation of the arguments in [Ch] . We include it for the convenience of the reader. Note that the Lemma implies the bound (−K X ) 3 ≤ 46 in Theorem 2.4.
Lemma. Depending on the Kodaira type of F
with γ 0 = 1, 5/6, 3/4, 2/3, 1/2, 1/3, 1/4 or 1/6, respectively.
Proof. We use the notation from [K2] . For
is of a given type, and γ 0 as above.
The Lemma is false if we can choose γ ∈ Q + such that 2/(a + 2) ≤ γ < γ 0 . Following [Ch] , we show that LLC(Y, γ∆) is disconnected in this case. By inversion of adjunction, γ < γ 0 implies (Y, γ∆) is plt near F 1 . Considering the round down,
6. The Case W a Cone 6.1. Proposition. If W is a cone, then it is the cone over the rational normal curve of degree 4, and X = U 6 (see Examples 3.1).
Proof. Assume W is a cone; we use the notations from above. Notice if X is not factorial, then we do not have a factorization X Γ → W over Denote the image of Z Y in X by Z X . Since K XΓ = σ * K X + E Γ is trivial on Z, we find −K X | ZX = Γ. Hence, since −K X is ample and Γ ⊂ X reg , we must have dim(X sing ∩ Z X ) = 0. We conclude that any curve in Z Y ∩ D is contracted by Y Γ → X Γ . Similarly we conclude that in any case 
The target V is a Gorenstein almost Fano threefold with terminal singularities; the anticanonical system | − K V | is spanned, defining a generically 2:1-map;
implying a = 2, 3 or 4.
The Lemma implies that there is a component of D that is mapped surjectively onto the minimal section ξ a+2 of F a+2 .
Proof. We use classification to show that Z Y is mapped to a curve: if Z Y is mapped to a point, then by [Cu] , Z Y ≃ P 2 , P 1 × P 1 or the quadric cone. But we have a map
Then, again by [Cu] , Γ 0 is locally a complete intersection, contained in V reg , and Y = Bl Γ0 (V ). From deg N Γ/ZY = a > 0 by (6.1.2), we conclude that Γ is not mapped to a point by Z Y → Γ 0 . We get a surjection P 1 = Γ → Γ 0 . From Γ ⊂ Z Y,reg we conclude that Γ 0 must be smooth. Hence
A priori, Γ (or ξ a+2 , if we view Z Y as a subvariety of Y Γ ) is a multisection of F e . But the new map from Z Y to P 1 from Z Y ≃ F e must coincide with that from (6.1.1), since Z Y ≃ P 1 × P 1 . This means Γ is a section of Z Y ≃ F e . Any curve in Z Y ∩ D is contracted by Y Γ → X Γ , meaning D intersects Z Y set theoretically in the minimal section ξ e of F e . Since Γ does not meet ξ e we conclude Γ = ξ e + af e , where f e is a fiber of F e . Then Γ 2 ZY = a from (6.1.2) implies a = e. To compute the splitting type of the normal bundle of Γ 0 in V note Z Y = P(N * Γ0/V ). By assumption, ξ e = ξ a ⊂ D, i.e. −K YΓ is trivial on ξ a . But ξ a does not meet Γ implying −K Y is trivial on ξ a as well. This means −K Y = −φ * K V − Z Y is nef, but not ample on Z Y and we conclude N Γ0/V = Ø P1 (−2) ⊕ Ø P1 (a − 2) as claimed. By adjunction formula, −K V .Γ 0 = a − 2 and then (−K V ) 3 = 4a.
In order to prove that V is a terminal Gorenstein almost Fano threefold we have to show a > 1. We know a > 0, so we have to prove a = 1.
Assume a = 1. The situation in this case has been studied by Demailly et al. in [DPS] . In this case, Z Y ≃ F 1 . The minimal section ξ 1 = ξ a has normal bundle
By blowing up we get Y + = Bl ξa (Y ), and contracting the exceptional divisor ≃ P 1 × P 1 along the second ruling, we obtain the flop diagram:
Near Γ, the rational map from Y to Y − is an isomorphism, implying that the normal bundle of Γ
. After blowing up Γ − , we get a map to the cone over the rational normal curve of degree 3. The strict transform of Z − Y ≃ P 2 is again isomorphic to P 2 , going to the vertex. After factorizing as in (5.2.1), this P 2 goes onto the minimal section. A contradiction. Hence a > 1. Now that V is almost Fano, we can apply Theorem 2.3 to see that
Identifying S with its image we find
where |f | is an elliptic pencil with Γ 0 .f = 1 as in (5.1.2). The restriction of | − K V | to f gives Ø f (2P ), where P = Γ 0 ∩ f . The map defined by | − K V | on V therefore is generically 2:1. By Theorem 2.4,
The proof of the Lemma is complete.
6.3. Lemma. If a = 2, then X is U 6 from Examples 3.1.
Proof. Assume a = 2 and let V ′ be the anticanonical image of V . This is a Gorenstein canonical hyperelliptic Fano threefold, (−K V ′ ) 3 = 8. We have m = 4. By what we have seen,
By what we have just seen, −K V becomes divisible by 4 in the class group of the pull-back of a general hyperplane section of W . Using Enriques classification we see that W is the double cone over the rational normal curve of degree 4. This implies V ′ = X 12 ⊂ P(1 2 , 4 2 , 6) and X = U 6 . 
In particular we note that after blowing up Γ 0 , −K V becomes trivial on D 1 . Assume a = 3. We have D 
Since −K V | F ′ is the pull-back of Ø P2 (1), this gives a contradiction.
The proof of Proposition 6.1 is complete.
The Case W a Ruled Surface
This case is essentially as in [I] , since Z and F are Cartier divisors. We distinguish between W ≃ F a−b , a > b and W ≃ P 1 × P 1 , leading to 2.), (i) and (ii) in Theorem 1.1. Proof. Consider diagram (5.2.1) from above. First we note that −K XΓ is ample on E Γ , implying b ≥ −1 and a ≥ 0. We have
Denote again by Y a partial crepant resolution of X, and Y Γ = Bl Γ (Y ). We may assume that Y → X is an isomorphism near Γ. The same computation as in the last section shows that Z Y is contractible in Y Γ . Denote this contraction by
By construction, −K YΓ is not ample on Z Y . Using classification once more we see that φ must be the blow-up of a possibly singular curve, and Z Y is the exceptional divisor. From ξ a−b ⊂ Z reg and deg N ξ a−b /Z = a we conclude as above: if a > 0, then Z Y is a smooth rational ruled surface, and therefore ≃ P 1 × P 1 , because of the second fibration coming from Y Γ → W , which cannot coincide with the first map, since −K YΓ is trivial on the fibers.
But Z Y ≃ P 1 ×P 1 is impossible. Indeed, in this case ξ a−b is ample on Z, implying that Z Y → Z is an isomorphism away from points. Since the fibers of Z → P 1 have arithmetic genus one, a > 0 is impossible (this also follows essentially from [Ch] ). Since W = P 1 × P 1 by assumption, we have a = 0 and b = −1.
Then E Γ .ξ a−b = a = 0. From this we conclude as above that σ(Z) ≃ Z is still contractible as a subvariety of X. We can even explicitely give the supporting divisor: denote the image of Z and F in X by Z X and F X , respectively. They are Cartier, since Γ ⊂ X reg . The supporting divisor is H = Z X + F X ∈ Pic(X), which is big and nef. Indeed, σ * H = Z + F + E Γ . Since Z + F = ϕ * (ξ 1 + f) is nef, and σ * H restricted to E Γ is trivial, H is nef. A direct computation shows H 3 = 1. By the Base Point Free Theorem, |kH| is spanned for k ≫ 0, defining a birational contraction φ : X −→ V, contracting Z X to a curve. The base locus Γ ⊂ Z X is contracted to a point, the general fiber of the elliptic pencil on Z X is a section. The variety V is again a Gorenstein Fano threefold with canonical singularities,
From φ * K V = K X − Z X = 2H we conclude that −K V is divisible by 2 in Pic(V ). From H 0 (X, kH) = 1 + k/6(8 + 3k + k 2 ) we see that V is a sextic in P(1 3 , 2, 3).
Since E Γ ≃ W , we have a = b, and X Fano implies a = b = 0. Since ϕ followed by the natural projection W → P 1 contracts all fibers of σ : X Γ → X to points, we obtain an induced map X −→ P 1 with general fiber F X = σ(F ) and section Γ, where F X is a normal Del-Pezzo surface of degree one. We have −K XΓ = Z + 2F . As above,
and we see that Z X is nef, so |kZ X | is spanned for k ≫ 0. The map defined by |kZ X | is a P 1 -bundle with section F X and fiber Γ. As in [I] we conclude that X ≃ F X × P 1 is a product.
